Corrosion of reinforcing steel in concrete is a global problem for reinforced concrete structures/infrastructures in a chloride and/or carbon dioxide-laden environment. It can lead to premature concrete cracking and spalling, and ultimately structural collapse. The costs of annual maintenance and repairs in the world have been reported as extremely high. In modelling of corrosion induced concrete cracking, the distribution of the corrosion products around the reinforcing steel is key to determining the expansive forces, whilst most researchers assume a uniform corrosion development. In this paper, a more realistic non-uniform corrosion distribution around the reinforcing steel is considered and an analytical model of the corrosion induced concrete cracking is derived. The effect of applied load on the corrosion induced cracking is also considered in the model. The complex variable method is employed to formulate the stress field in concrete. With the inputs from the actual corrosion rate history, the model developed can predict the time of the cracking initiation. The model derived can be used as a tool to assess the serviceability of corrosion affected concrete structures.
Introduction
Corrosion of reinforcing steel in concrete has been and will continue to be a global problem for RC structures located in chloride and/or carbon dioxide laden environment [1, 2] , causing structural deterioration due to premature concrete cracking and spalling, and leading to ultimate structural collapse. Meanwhile, there are continual demands for greater load for infrastructure, particularly for transport systems (e.g., bridges), energy plants (e.g., power stations) and flood defences.
Climate change is also likely to add more loads (e.g., more intense storms) for structures. This combined effects of reinforcement corrosion and applied load highlights the issue of safety and serviceability to all engineers and asset managers responsible for the operation of corrosion affected RC structures.
Considerable research has been carried out on reinforcing steel corrosion in RC structures in general [3] [4] [5] [6] . Numerous studies have also been undertaken on corrosion-induced concrete cracking [7, 8] . Liu and Weyers [8] examined the time from corrosion initiation to cracking of the cover concrete both theoretically and experimentally. They developed a model to calculate the critical amount of corrosion products. Li et al. [9] established an analytical model for corrosioninduced crack width which gives quantitative relationships between the critical factors affecting cracking and crack width. Ueda et al. [10] used finite element methods to examine the factors that affect corrosion-induced cracking in concrete and found that the tensile strength and creep of the concrete are important factors that affect concrete surface cracking. Andrade et al. [11] carried out experiments on small corroded reinforced concrete beams and established a relationship between the surface crack width and the reduction of the cross-section of the steel reinforcement. However, in their experiments, impressed direct current (DC) was applied to induce the corrosion process which is different from that under a natural environment. Moreover, the corrosion characteristics, i.e., corrosion products and distribution, of the steel reinforcement can be different for the corrosion process induced by DC and under natural agents. Tests on corrosion induced structural deterioration, under more realistic environments, e.g., simultaneous salt water spray and service load, has also been conducted [12] . This paper attempts to develop an analytical model for longitudinal concrete cracking induced by combined reinforcement corrosion and applied load. A realistic non-uniform corrosion model is adopted in calculating the corrosion induced expansive force to concrete. Complex Variable method is employed in formulating the stress of concrete, in solving the non-uniform stress distribution. Worked examples are provided to illustrate the application of the developed model. A merit of the developed model is that it is directly related to the parameters that are used by practitioners in design and assessment of reinforced concrete structures, such as the corrosion rate, applied load, concrete strength, and concrete cover to steel bar diameter ratio.
for displacement boundary condition (7) where   z F is the resultant force exerting on a boundary, G is the shear modulus, D is the displacement exerting on a boundary.   For corrosion-induced expansion on the cylinder, the expansive mechanism is better to be modelled as displacement boundary condition to the inner circle of the concrete cylinder. The inner boundary condition can be expressed as follows,
The outer boundary is the surface of the concrete cover. Therefore, the stress condition can be formulated as follows,
According to Laurent's Theorem, each complex potential can be expressed as a power series, reducing the stress and/or displacement boundary problems to sets of simultaneous linear equations in the coefficients of the two power series [17] .
. Substituting Equations (10) and (11) into the stress boundary condition, i.e., Equation (9), it becomes
For the sake of simplifying Equation (12), both sides of the equation are multiplied by The boundary condition (Equation 12) then becomes: Therefore Equation (13) can be simplified as follows:
Similarly, by substituting the power series, the inner displacement boundary condition, i.e., Equation (8) By combining Equation (14) and (16), m  and m  can be derived. 2  2  2  2  2  2  2  2  2   2   0  1   2  2  2  2  2  2   0  1   2  2 
Once m  and m  are known, the stress components r  ,   and   r can be determined from Equations (3) - (5) and (10) - (11).
Corrosion Model
Corrosion-induced expansion in reinforced concrete structures has been widely considered as a uniform corrosion process along the circumference of the reinforcing rebars [8, 9, 13] . However, it has also been recently realised that the actual corrosion development around the reinforcing bars is usually non-uniform [18, 19] . Corrosion development along the circumference of reinforcing bars varies according to different extent of chloride ingress or carbonation; and corrosion is normally more significant in the area of the reinforcing bars that faces the concrete cover. This can be shown in Figure 1 below. Figure 1 illustrates a hollow cylinder with inner radius a and outer radius b, which represents concrete surrounding a reinforcing bar. The corrosion products are not uniformed distributed around the reinforcing bar and most of them accumulate at the bottom of the reinforcing bar. As a result, the expansive force caused by corrosion of the reinforcing bar is not uniform along the circumference and the exact formula needs to be derived. To calculate the displacement at the boundary of reinforcing bar and concrete due to corrosion, Yuan and Ji [18] have conducted a series of experiments and proposed a quantitative configuration of the corrosion distribution. In their tests, they observed almost no corrosion occurring on the top half of the reinforcing rebars and a semielliptical shape for the bottom half facing the concrete cover. The displacement caused by corrosion products along the half of the reinforcing bar facing concrete cover can be derived as follows [18] ,
where  is the corrosion level in percentage and     0 .
Applied Load
Applied load may cause longitudinal cracks along the reinforcing bar in concrete members due to the transverse component of the bond stress between the deformed bar and surrounding concrete [20] . When subject to pull-out force, the deformed steel bar may slip in two ways [21] : (a) the ribs can crush the surrounding concrete, shown in Figure 2 , and (b) the ribs can split the concrete by wedging action, illustrated in Figure 3 . Both mechanisms are due to the development of the bond stress between the steel bar and surrounding concrete. However, the ribs can split the concrete without crushing it if the surrounding concrete resistance is moderate, as it is for ordinary concrete cover [20] . The bond stress, in an angle  with respect to the bar axis, is normally expressed as the principal compressive stress. The bond is the grip due to adhesion or mechanical interlock and bearing in deformed bars between the reinforcement and the concrete [22] . The bond stress can be divided into two components -transverse (radial) and longitudinal stresses. To determine its transverse component, the bond stress (longitudinal) needs to be analysed. Considering an element of the reinforcing bar dx (as shown in Figure 2 ), the longitudinal (shear) bond stress can be expressed from mechanical equilibrium as follows [20] 
where s  is the stress in the reinforcing bar due to the applied load. For a given application, i.e., the structure and applied load, s  is known.
From the theory of Mohr Circle, the radial component of the bond stress can be derived as follows
where 1  is the principal tensile stress and 2  is the principal compressive stress.
The angle  depends on the rib face angle and the remaining chemical bond. It is 45 0 at the beginning of loading, when the principal tensile stress and principal compressive stress are equal in magnitude. When the surrounding concrete has cracked, the radial bond stress component becomes:
The internal pressure 2 P can be converted to the equivalent displacement 2 d based on Elastic Mechanics [23] , by defining the boundary conditions as 
Worked Example
The displacement at the inner boundary of the concrete cylinder can be expressed as follows: 
